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Instability of a nearly inextensible thin layer in a shear flow
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Abstract

The stability of a nearly inextensible thin layer in a shear flow is investigated using an adjoint-based approach of the perturbed
Stokes flow, i.e., for small inertia effects. The thin layer may be a very viscous fluid or an elastic sheet. We show that long waves
are unstable, and that short waves are also unstable when the effect of inertia dominates that of surface tension. In contrast with
the two-layer flow with a clean interface, the instability persists even when the fluids on either side of the thin layer have the
same viscosity.
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1. Introduction

We consider the stability of the viscous shear flow of two superposed layers (Fig. 1), between which a thin third layer is
placed. The in-between layer may be a very viscous fluid, an elastic sheet or any nearly inextensible thin layer, as discussed
below.

This three-layer problem is related to that of the two-layer shear flow with a “clean” interface. The two-layer flow is known
to be unstable owing to the viscosity jump at the interface, however small the Reynolds number. Short waves are unstable [1],
as well as long waves [2], especially when the thinner layer is the more viscous. The mechanism of the instability is based on
small inertia effects which create a small disturbance flow out of phase with the interface disturbance [3,4].

The aim of this paper is twofold. First, we want to discuss how the interfacial inertial instability of the classical two-layer
flow is modified by the thin third layer. Second, we want to show that the stability problem can be solved by an adjoint-based
approach, which may need less calculations than the classical direct method.

The paper is organized as follows. In Section 2, the model is presented and the physical situations to which it may correspond
are discussed. In Section 3, the adjoint-based approach is presented. Sections 4 and 5 are devoted to obtaining the wave velocity
and growth rate of long and short waves, respectively. The results are discussed in the final section.

2. Themode

We want to determine the stability of the three-layer flow in the particular case where the in-between layer is thin enough, so
that the three-layer problem can be simplified to an equivalent two-layer problem. Then, differences with the classical two-layer
problem (i.e., without any in-between thin layer) only arise in the boundary conditions at the deformable interface. The precise
conditions for the two-layer simplification are first derived, and then the set of stability equations to be solved is given.
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Fig. 2. Longitudinal stress balance in the thin layer, wite= —pg +
Fig. 1. Sketch of the thin layer in a shear flow. 2ikpoug for a viscous layer anad = — Equg/c for an elastic sheet.

The lower and upper fluid layers have viscosity and 1o, and thicknes&4 andi». In the reference frame moving with
the undisturbed thin layer, the base flow is taken to be given by:

Uy =1y, Uz =12y, (N

(Fig. 1) where the shear rates > satisfy shear stress continuiy; y1 = uoy2. This base flow is based on the assumption that
the thickness 2 of the in-between layer is much smaller thian,, so thaty & kg ~ y, and ignores any motion in the thin
layer. The latter assumption is exact for an elastic sheet, and for a viscous fluid layer with viggasiynounts to neglecting
velocities of ordey ~ hoy1,2141,2/ 140-

2.1. Stress balance in the thin layer

For the classical two-layer problem, the conditions at the interface impose continuity of the velocity and of the tangential
and normal stresses (see [2] for example). For an in-between layer with thickness much smaller than any other length, velocity
is still continuous across the layer, as well as normal stresses. In order for a tangential-stress condition to be established, the
longitudinal equilibrium of the thin layer (Fig. 2) must be analysed. Let us consider two-dimensional disturbances of the base
flow (1), proportional to (1) wherek is the wavenumber angthe complex wave velocity. Consider first the case of a very
viscous thin layer. Neglecting inertia and integrating the local tangential equilibrium condition over the thickpegsse for
the complex amplitudes of the disturbances:

2-1
, 2
2 @)

wherepg andug are the pressure and the longitudinal velocity in the thin layerrandare the tangential stresses at the upper
and lower interfaces. The pressure term can be neglected in the above stress balance. Indeed, it will be shown in Section 4.3
that, for long waves, the pressure and shear stress are tied to the interface displacemeqat~ 111 2y1, zr;/kh1 , and
71,2 ~ 11,2¥1,21/ h1,2, So that the pressure term can be neglected as soon as the thin layer sajjsfies < khy o. For
short waves, it will be shown in Section 5.3 thag~ 71 » ~ w1 2ky1 21, SO that neglecting the pressure term requiigs< 1.
Thus, (2) simplifies to:

ik(—po + 2ikuoup) =

johok?ug ~ 1o — 11. (3)

For k = 0 or an interface with zero thickness, the latter equation implies shear stress continuity, i.e., the classical boundary
condition for a clean interface. In the opposite limit, i.e., nonZgrg and a very viscous thin layer, since the tangential stress
jump must remain finite, the above condition implies at the dominant order that the velgdiyzero, so that the tangential
stress balance reduces to:

ug=U1(~hg+n) =Uz(hg+n) =0. 4)

More precisely, with the above estimates of the shear stress disturbances, the zero velocity condition (4) holds when
ug K up 2, i.e., whenkhq o) (kho)po/ 11,2 > 1 for long waves, and whefkg) 110/11,2 > 1 for short waves.
Consider now the case of a thin elastic sheet with Young modigud he stress balance now gives:

Eghok=2 ~ 13 — 71, (%)
C

whereug/(—ikc) is the displacement andug/c is the deformation. As for a viscous thin layer, the two extreme cases are (1)
no thin sheet, which implies shear stress continuity, and (ll) a nearly inextensible sheet, which irgpti€s i.e., the zero
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velocity condition (4). More precisely, this condition holds as longzasho/(11,2h1, 2¢) > 1, where the wave velocity will
be shown below to be~ y; oh1 » for long waves, and ~ Pl,2V;Ez/(M1,2k3) for short waves.

From now on, consistently with the assumption that the thin layer thickness be much smaller than any other length, the
interfacial conditions will be written at = » rather than apy = +hq + n, and linearized about = 0.

2.2. Stability equations

On considering two-dimensional disturbances of the base flow (1), the stability equations are obtained by linearising the
disturbance equations around the base flow, and searching for normal modes proportidHal 4 eThe streamfunction
being defined byi1 » = ‘/’i o(y) andvy 2 = —ikyr1 2(y), the vorticity equation becomes the Orr—Sommerfeld equation:

d? 2 .
M1,2<W - kz) Y12 =1kp1 2[(U1,2 — ) (W] o — kK*¥1,2) — Uf pv1.2]. (6)
At the upper and lower walls, the no-slip conditions are:

Y1(—h1) =¥1(—h1) =0, (7a)
Yo(hg) = Yp(hp) =0. (7h)

For a thin, nearly inextensible, in-between layer, continuity of the velocity still holds as well as continuity of normal stresses,
and the longitudinal equilibrium of the thin sheet reduces, as discussed above, to the zero-velocity condition (4). All together
the interfacial conditions are:

¥1(0) = ¥2(0), (8a)

Uin + ¥1(0) = Upn + ¥5(0), (8b)

Upn+¢1(0) =0, (8c)

P1(0) + 2ikp1 91 (0) — pa(0) — 2ikpug¥5(0) = Tk, (8d)
together with the kinematic (or no mass transfer) condition:

¥1(0) = cn. 9)
The pressure disturbances o are related to the streamfunctions by the momentum equations:

ikp1,2 = n1,2(W' — k201 o) +ikp12[(c — UL o + Up 2¥1.2). (10)

with U7, 2(0) = 0. For a very viscous sheef, is the sum of the surface tensions at the two interfaces; for an elastic sheet,

T represents the tension of the sheet per unit length. Note that (I) the tangential-stress jump induces small variations of the
tension along the sheet, but the corresponding correction in the normal stress condition is of the second order with respect to
perturbation amplitude, and (1) the increase of the elastic tension due to the increase of the length of the deformed sheet is also
of second order. Finally note that, as a consequence of (8b), (8c) and (9), the inertia terms in (10) on either side exactly cancel
each other at the interface.

3. Adjoint-based perturbation expansion

The adjoint-based approach to finding the eigenvalues of a perturbed operator or matrix is a well-known fundamental tool
of quantum-mechanical perturbation theory (where in addition, all the relevant operators being hermitian and self-adjoint,
left-hand or adjoint eigenfunctions coincide with complex conjugates of the right-hand or direct eigenfunctions). A similar
approach can be advantageously applied to hydrodynamic stability problems (see, e.g., [5, p- 15]). Let us consider a general
(not necessarily self-adjoint) matr& depending on an eigenvalue parametgthis includes as particular cases the standard
eigenvalue problem wher (1) = A(0) — Al and the generalized eigenvalue problem whi(g) = A(0) — AB, but a more
general nonlinear dependencejomay also be assumed. Its eigenvaldiemnd eigenvectors will be solutions of

AM)u=0.

Let us now add the assumption tlfalso depends on a small perturbation parametand let us look for the eigenvalues and
eigenvectors oA (., £) in the form of a regular perturbation expansion wheee u© + su® +... andr = 1@ + 2@ 4.
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Inserting such expansions into the eigenvector equation and collecting equal poweygelfs the following hierarchy of
equations:

A(©@,0u©® = o, (11a)
A, 0u® — _Ml)%u@) _ Z_A”(O)’ (11b)
&
9A
ARO.0u® = 2@ O (11c)

A straightforward perturbation approach involves inverting this hierarchy of equations in a sequence, where account must
be taken of the fact that the operator on the I.h.s. (always the same at every order) is singular and a compatibility condition is
involved. However, whereas to do so is relatively easy if the operators involved are matrices, the solution becomes more and
more complicated at every step if differential operators are involved and an analytical solution is sought. On the other hand,
if the eigenvalue perturbation only is the goal, the simpler possibility exists of imposing the compatibility condition alone,
without actually determining the first-order correction to the eigenfunction. If the unperturbed eigenvalue is non-degenerate,
this compatibility condition is simply given by

VoA @) 0 0 (12)
ar de

wherev(© is the left-hand eigenfunction of the unperturbeeh.(9), 0) operator, i.e., the particular vector or function such that

v@ AL©® 0)=0. That Eq. (12) is necessary is easily proved by left-multiplying both sides of Eq. (1lby(\9)ithNhen the
eigenvalue is non-degenerate, i.e., the rank of matX?, 0) is deficient by exactly 1, this condition is also sufficient.

4. Long-wave instability
4.1. The direct and adjoint problems

The long-wave stability problem corresponds to disturbances with wavelength much longer than each layer’s thickness, i.e.,
a =khy1 <« 1, and to small inertia effects, i.exRqy <« 1 (we shall assumBg,, ~ 1), where the Reynolds number is defined

by:

h2
Ray = % (13)
241

Onceyf1 andh4 are chosen as the time and length scales, the problem also depends on the density, viscosity and thickness
ratios and on the Weber number, defined as:

g2 M2 e pui (14)
o1 n1 hy Tk2
We shall assume thdl¥g,, ~ 1, so that the stabilising effect of surface tension arises at the same order as inertia. If in Eq. (6) with
boundary conditions (7)—(9) both the unknowns and the eigenvalue are expanded in a series of powers of the small dimensionless
wavenumbery, the following hierarchy is obtained:

Order 0
Wy =o. (15a)
v Oy =y =0 (15b)
v @) = v @) =0, (15¢)
20 -y =0, (15d)
¥90) - @y © =0, (15€)
n© 490" 0) = m1y©@ — L") =0, (15f)
7@ 4420 =0, (15g)

$2" @ - my?" © =o0. (15h)
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Order 1
m. "
‘/’il) =iRay (v _C(O))I/j{O) ) (16a)
nirR 0
" = QW(X“_J®>w£), (16b)
nm nm
/!
ey =v¥n=0 (16c)
/
3P = y5P (@) =0, (16d)
‘l’il)(o) _ ll’él)(o) -0 (16€)
v D0 = cOy® = DO, (16f)
/ /
1O+ @ —m @ -y 0 =0, (169)
/7
2D+ M0 =0, (16h)
1" " . R .
v 0" 0) = myD" (0 = iy @ Zw (16i)
Waw

In order to obtain the eigenvalue perturbation without actually solving the order-1 equations, the method of Section 3 can now be
applied. In so doing, care must be taken of the fact that the unknowns of the problem include both the continuous/fuaction

and the discrete variablg The adjoint system of the order-0 equations (15a) can be obtained by constructing a weighted sum of
the equations and boundary conditions. Actually, each boundary condition can either be considered as part of the definition of
the functionsyq », and thus implicitly imposed, or as an explicit equation with an associated adjoint variable. The two choices
are equivalent, and do not in any way alter the result. In practice, it is convenient to impose simple boundary conditions that
remain unchanged at all orders implicitly, by requiring tiz)é‘ilz) andn (™ obey them for alk, and to introduce adjoint variables

only for those boundary conditions that exhibit a non-zero r.h.s. in the order-1 equations. Accordingly we construct the weighted
sum

d
/ 012009 M dy + 2 (120 — @7©) + £ (2" © - myX" @) =0, (17)
-1

and impose that this identity be satisfied for arbitraﬁ’) andt//(o)(y) obeying all the other boundary conditions but not (15e)
and (15h) nor the differential equation (15a). An integration by parts then gives

d
f 01200”3900 dy + 02 (@) - 5@ @) + 5 @YY (@) - o5 DYY @) - 02095> " ©)
1

+65075°"© — 9501 © + 5 OUL” © +910v1”" © - ¢, O®" © + 9 @Y1 ©)

— 020 - o1~ " 1) + 4 0¥ (=1 - o 0@ (1) + o} (DY Q- 1)
+c (20 - @) 4 £ (2" 0 - my?" @) =0, (18)
whence, on eliminatingléo) d), wéo)/(d), 1//{0)(—1), 1//{0)/(—1), wéo) 0), @D](.O)/(O), andt/jéo)/(O) through the boundary con-

ditions, and separately equating to zero the coefficien#sz(g)f”(d), @Déo)m(d), wio)”(—l), 1//{0)/”(—1), wio) 0, wio)”(O),
wéo)”(O), Wfo)w(o), 1ﬂéo)///(O) andn(o), the following adjoint system of equations and boundary conditions is obtained:

¢1'2=0, (19a)
p1(—1) =1(-1) =0, (19b)
92(d) = @5(d) =0, (19¢)
92(0) +mé& =0, (19d)
¢1(0) +£& =0, (19e)

91(0) = ¢5(0) =0, (19f)
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m~1e5(0) — ¢ (0) — Q¢ =0, (199)
95'(0) —¢]"(0) + ¢ =0. (19h)

4.2. Wave velocity and growth rate

The solution of the direct problem at order zero gives the Stokes flow:

wio) = G+ D229 + 1)y — ), @, (20a)
(20(0) +1) c©
y© = _(y_d)2< . y_ o 0. (20b)

and the solution of the adjoint problem is:

o1 = —(y + D21 -2y, (21a)
_ Smo_g2(2 1
v2 = ——(r=d) <3d + 3)5, (21b)
m—l—d3
¢ =12 73 §. (21c)

Both homogeneous eigenvalue problems, as they should, give the same wave v@?&city

2_
(0 _1dds =1
2 m4+d3

The wave velocity is positive wheth < 1 and negative otherwise: the wave propagates with the flow of the thinner layer. This
result is in contrast with the clean interface case, where the wave propagates in the direction of the less viscous flow, no matter
its thickness.

Once the direct and adjoint problems have been solved, use can be made of the properties of (17). The adjoint has been
constructed so that (17) not only appliea/téo) andn(o), but to any like couple obeying all the other boundary conditions but
not (15e) and (15h) nor the differential equation (15a). One such cougtélls nD. Eq. (17), when applied to the order-1
equations (16a) and (16b), gives the compatibility condition:

(22)

0 d

. " irR 4 . R
/wl(y)lRQw(y—c(o))llf{O) dy+/<ﬂ2(y)—r sl (1 —c(o)>1//£o) dy+ ¢ 4 £ia2y©@ M _ g,
Il , m m Wa

Thence the order-1 correction of the eigenvaki&), due to both inertial and capillary effects, is obtained as:
[ _ 1 Rayd®
120m2(m + d3)3
i(kh1)%d3 Rey
4(m + d3) Way

(6m3d —m2d® — 2m343 + 3m2d? +2m* + r(2d7 + 6d%m — 24%m + 3d°m? — dmz))
(23)

The dimensional growth rate is given by= —iyl(khl)zc(l). We have verified that the above expression satisfies the following
symmetry relation, which corresponds to the permutation of the subscripts 1 and 2 defining the lower and upper fluids:

d4 111
c(l)(m,d,r)zr—c(l) —, =, = (24)
m3 m d'r

Fig. 3 displays curves of iso-values dfY) /iRqy, in the ¢n, d) plane for equal density-(= 1) and zero surface tension
(Way, = 00). It appears that the flow is unstable for a wide range of the parameters. In particular,

e when the viscosities are equal, the flow is always unstable, unlike the clean-interface case for which the growth rate is
zero [2];
e when one layer is much thinner and much less viscous than the other, the flow is stable as in the clean interface case.
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Fig. 3. Curves of isovalues ef? /iRy, in the plane(m = o/u1, d = ho/h1), for equal density and zero surface tension (in the upper right
corner, the curvesD /iRg,, = 0 and 104 are not distinguishable).
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Fig. 4. Eigenfunctionsy’(y). (2) Dominant Stokes flows©@’(y); (b) Inertial correctiony®’(y). Parametersm = 0.5, d = 3, r = 1,
Way, = oo.

4.3. Mechanism of the long-wave instability

The above results show that for a wide range of viscosity ratios, includiagl, the flow is unstable whatever the thickness
ratio. This result is in contrast with the case of a clean interface, for which the flow is unstable if and only if the more viscous
layer is thinner than the other. The aim of this section is to understand this difference, by comparing the mechanism of the
instability of a nearly inextensible layer to that of a clean interface, which has been given in [4]. This mechanism can be
described with the help of Fig. 4, which displays typical eigenfunctions for the longitudinal Ve|()¢@§6y) (The inertial
corrections of the eigenfunctions require the complete solution of the order-1 equations (16a)—(16i) of the direct problem, and
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are given in Appendix A. This calculation gives of course the same eigenvalue correction as the calculation using the adjoint
problem, but at a greater expense of time!)
Consider the case when the thickness of one layer is much smaller than the other,<gan. The deformation of the

interface creates in each fluid a velocity disturbam% ~ yl,zn(o) as shown in Fig. 4(a), to which there corresponds vorticity

disturbances)g ~ _ugO%/hl’z_ This dominant Stokes flow is in phase with the deformation of the interface.
In the thick upper layer, advection by the base flow of the vorticity disturbance creates a small out-of-phase vorticity

componentwél) ~ RQeffa)éo), where Reef = kthyzhg/uz is the effective Reynolds number. The velocity fie@b ~

w(zl)hz associated with this out-of-phase vorticity must satisfy the no-slip condition at the interface, and therefore is as shown
in Fig. 4(b). The out-of-phase velociv,yél) creates an interfacial shear streéé) ~ ,uzu(zl) /ho and a pressure disturbance

p:(l_lé ~ ,uzu;l)/kh%. In the lower thin layer, the inertial flow is smaller by a fac(b&/h2)3 and is negligible. In this layer, the

out-of-phase flovwgl) is driven by the pressure disturbarym%l), SO thatu(ll) ~ kp&%h%/ul. The divergence of this flow leads

to the growth rate:
(1) (@)
v u
0= ~khj—= (25)
n
The above estimate for the growth rate agrees with (23) for Highhus, it appears that the mechanism given above differs
from that of a clean interface in two ways:

e The inertial flow in the thin layer is created by the pressure disturb@r@e whereas it is created by the shear stress
disturbanc&{}z) for the clean-interface case [4].

e The direction of the disturbance flow in either fluid does not change when the viscosity ratio crosses unity, whereas it
reverses for the clean-interface problem.

5. Short-waveinstability
5.1. The direct and adjoint problems

The short-wave stability problem corresponds to disturbances with wavelength much shorter than the layer thickness, and to
small inertia effects. The latter condition implies wavelengths much shorter than the viscousllgmgih(ul,z/pyl,zk)1/3,
which represents the penetration length of vorticity disturbances created at the deformed interface [4]. These two conditions
can be written as:

khip>1  Rew=-2% <1, (26)
p1k

whereReyy = wa/az is the appropriate Reynolds number for short waves. Qq‘cia andk~1 are chosen as the time and
length scales, the problem also depends on the density and viscosity ratios and on the Weber number, defined as:

2
W
rZQ’ mzﬂ’ szﬂzﬂ. (27)
Pl n1 Tk3 a
Expanding the streamfunctions, the interface position and the eigenvalue in a series of powers of the small Reynolds number
Resw, the following hierarchy is obtained for the Orr—Sommerfeld equation (6) and boundary conditions (7)—(9):

Order 0

(%22 - )21/,;0; =0, (28a)
¥ (00) =91 (~00) =0, (28b)
¥ (00) = y§¥ (00) =0, (28¢)
20 - v =0, (28d)
20 - cOp©@ o, (28¢)

, © ,
1@ 491”0 - T - ¥ 0 =0, (28f)
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19 +9% =0, (280)
p 0" 0 —my®" 0 =o. (28h)
Order 1
d2 2 .
(G2 =1) " =i =" =), (202)
d2 2 i "
(7 ~2) 7= (5 et ) o)
¥ (—o0) =y (=00) =0, (29¢)
¥ (00) = vV (00) =0, (29d)
PO -y =0 (29€)
v D0 = @y = DO, (29)
@
1o -1 -y o =0 (299)
2@+ 90 =0, (29h)
N N ir](o) .
V0 —mysD (0 = W (290)

As for long waves, it was assumed that the stabilising effect of surface tension arises at the same order as inertia, i.e., that

the effective Weber numbé&Wes, is of order one.
The adjoint system of the order-0 equations (28a)—(28h) is obtained as for long waves by constructing the weighted sum

o0
d2 2 i i
f m,z(ﬂ(w - 1) U Q0 dy + (07 © - @7 @) + £y © — mys” (@) =0, (30)

—00

integrating by parts, and imposing that this identity be satisfied for an arbit‘@tyand (9 (y) obeying the remaining
boundary conditions only. The following adjoint system of equations and boundary conditions is obtained:

d2 2
(W - 1) ¢12=0, (31a)
91(—00) = ¢1(—00) =0, (31b)
92(00) = @2 (00) =0, (31¢)
92(0) =my1(0) = —m§, (31d)
92'(0) = ¢1'(0) =0, (31e)
92" (0) — me1"(0) =mc O, (31f)
92" (0) — 1" (0) = —¢. (31g)

Note that the interfacial boundary conditions are identical to those of the long wave problem.
5.2. Wave velocity and growth rate
The solution for the direct problem at order zero is found to be:
]/,f)) (»)=-ye'n©®, (32a)
llféo) = —%y e @, (32h)

and for the adjoint problem:
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p1() =1 -y e, (33a)
p2(y) =m(l+y)e g, (33b)
¢ =-2(1+m. (33¢)

Note that both the direct and adjoint eigenfunctions involve a remaining free integration constant due to the homogeneous
character of the problem. Both problems give the same eigenvalue:

@ =o. (34)

Thus at dominant order the wave veloc(ﬁ,yl/k)c(o) is zero, just as for the clean-interface problem dealt with in [1].
The next step consists in imposing the order-1 compatibility condition:

0 00
i in©®
i 0 o (2 _ .0 1,0 1M
f ipa(y - cf U(M—W)dﬁ/;w(; ~c >><¢5—w2)dy+;c( 0O =0, (35)
—00 0

which immediately gives the order-1 correction of the eigenvalue:

@_ | ro_ 1
¢ _2(m+1)<1+m2 We5w>' (36)

Thus, for zero surface tension, the dimensional growth f@féeswcfl) is positive for any density and viscosity ratios, and

decreases as/kz, which means that inertia is destabilizing. In particular, instability persists even for equal viscesitiek,
Surface tension is stabilising as expected, and its contribution to the growth rate sdakeg/A8esw ~ k. These results are
similar to the clean-interface case [1,3], except that for the latter case, the growth rate vanishes when viscosities are equal.

5.3. Mechanism of the short-wave instability

As for long waves, we now explore the mechanism of the short-wave instability, and compare this mechanism to that of the
clean-interface flow given in [3]. This mechanism can be described with the help of Fig. 5, which displays typical eigenfunctions
for the longitudinal velocitiesbi »(). (The inertial corrections of the eigenfunctions are given in Appendix A.)

The deformation of the interface creates in each fluid a velocity disturbéﬂ)?ea yl’zr](o) as shown in Fig. 5(a), to which

there correspond vorticity disturbance%og ~ _kug_ This dominant Stokes flow is in phase with the deformation of the

interface.
2 L o
n o (] ® |

@\/J

2t I I E
0
N A (A
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Fig. 5. Eigenfunctions&i >(¥). (@) Dominant Stokes flowfg/(y); (b) Inertial correctior‘a/:{lg/(y). Parametersn =0.5,r = 1, Weyyy = 0.
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In each layer, advection of the vorticity disturbance by the base flow creates a small out-of-phase vorticity comi}énent

Re_L,za)f%, whereRe » = 01,2V1,2/M1,2k2- For nearly equal viscosities, this vorticity creates a velocity ﬁnﬁ@ ~ a)f%/k as

shown in Fig. 5(b), and transverse velocitié:@z ~ “)(1,1)2/"' leading to the growth rate:
_w e
UM 1k
When viscosities are quite different, say > u», the more viscous fluid slows down the growth of the disturbance. In this
more viscous fluid, the pressure gradikp\il) = kpél) ~ Mzkzugl) induces velocity componentél) ~ vil) ~ p:(l_l%/k,ul. This
leads to the growth rate: '
D
B SO
"0 T m?
Both estimates (37) and (38) agree with (36). Thus, the short-wave instability mechanism of a nearly inextensible thin layer
is similar to that of a clean interface. However, the zero-longitudinal-velocity condition at the interface induces vorticity
disturbances of opposite sign on either side of the interface. Thus, the inertial corrections of vorticity have the same sign
on either side of the interface (because advection acts in opposite directions), and the induced transverse velocities are both
destabilizing. This explains why instability persists for equal viscosity. For the clean-interface flow, instead, continuity of the
longitudinal velocity induces vorticity disturbances with the same sign on either side of the interface, but advection induces
vorticities of opposite sign, so that the growth rate vanishes for equal viscosity.

o (37)

o (38)

6. Summary

The aim of this paper has been twofold: (1) to investigate the stability of a nearly inextensible thin layer in a shear flow,
and (11) to illustrate how an adjoint-based approach can be used in order to find the analytical correction of an eigenvalue in a
hydrodynamic stability problem.

From the methodological viewpoint, an adjoint-based approach to eigenvalue perturbation expansion allows the eigenvalue
perturbation to be obtained at the expense of solving a homogeneous linear system (the adjoint problem) rather than an
inhomogeneous one (the first-order direct problem). In addition, different perturbations (inertia and surface tension in this
paper, but also others that may become of interest in the future) are easily accounted for by one and the same adjoint solution,
without the need of calculating a new particular solution for each case. Thus adjoints, already put to good use in past numerical
stability computations [6], can also give a substantial advantage when an analytical solution is sought.

From the physical viewpoint, the conditions under which a three-layer problem can be reduced to a two-layer problem
have been preliminarily identified. For a fluid thin layer, these conditions imply small thickpessich thatchg <« (khl,z)2
for long waves andhg < 1 for short waves), and high viscosity (such tlieky 2)(kho)wo/m1,2 > 1 for long waves and
(khg)mo/m1,2 > 1 for short waves). For an elastic sheet, equivalent conditions involve the Young modulus.

After reducing the three-layer problem to an equivalent two-layer problem with suitable interface conditions, we have shown
that an inextensible thin layer in a shear flow is generally unstable, to both long and short waves. For long waves, the zero-
velocity condition at the deformed interface implies that the growth rate is controlled by a pressure-driven flow and not by
a shear flow as for a clean interface. For short waves, the zero-velocity condition induces a vorticity disturbance of opposite
sign in either fluid. Then, the inertially induced vorticity components are both destabilizing. For both long and short waves,
instability persists even for equal viscosity, in contrast with the clean-interface two-layer flow.

Appendix A. Inertial corrections of the eigenfunctions

For long waves, where the expansion parameter, ithe inertial corrections of the eigenfunctions (normalized so that
7@ =1 andp® = 0) are given by:

1 .
vV =iRaw(y + D?(A11y* + B1ay® + C11v? + D11y + Ena). (Ala)
1 .
ysY =iRaw(y — d)2(A21y* + B21y® + C21y% + Do1y + E2), (A.1b)
@_ @ _ 1 ©2,3 ©),,3 _ 23
= = (12 —12c —2m
P1 P2 10mz(d3+m)( " "

+ r(—7d3c(o)m +104%©@ 2m2 —d°c O — 2d5c(0)2m +2d% + 4d60(0))), (A.1c)
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with
A= —6—10(2c(°> +1), (A.2a)
Byy= % (O30 1 2), (A.2b)
Cy= 6_10 (@ +1)(3c© 4 1), (A.20)
Di1= —3—10(—5p§1) +6c07 4 6@ 4 1), (A.2d)
E11=—%; (A.2e)
Agi= —ﬁ (1+2:), (A.33)
Boa— s (3 4 14602, (A3b)
Co1=— 60rr:3d2 (4d36(0)m + 500 2m2 + SdSC(O)Zm —2dmc© — g% — 2d4c(0)), (A.3c)
Dy1=——4, (A3d)
Epi— % (A3¢)

For short waves, where the expansion paramet®aig,, the inertial corrections of the eigenfunctions (normalized so that
7@ =1 andp® = 0) are given by:

vP) = <c<1><1 — 0+ P - fzy3), (A4a)
@ (v iry2 iry3 A db
Yy () =\c (+)’)+m+12m3 , (A.4Db)

wherec is given by (36).
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