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Instability of a nearly inextensible thin layer in a shear flow
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Abstract

The stability of a nearly inextensible thin layer in a shear flow is investigated using an adjoint-based approach of the perturbed
Stokes flow, i.e., for small inertia effects. The thin layer may be a very viscous fluid or an elastic sheet. We show that long waves
are unstable, and that short waves are also unstable when the effect of inertia dominates that of surface tension. In contrast with
the two-layer flow with a clean interface, the instability persists even when the fluids on either side of the thin layer have the
same viscosity.
 2003 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
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1. Introduction

We consider the stability of the viscous shear flow of two superposed layers (Fig. 1), between which a thin third layer is
placed. The in-between layer may be a very viscous fluid, an elastic sheet or any nearly inextensible thin layer, as discussed
below.

This three-layer problem is related to that of the two-layer shear flow with a “clean” interface. The two-layer flow is known
to be unstable owing to the viscosity jump at the interface, however small the Reynolds number. Short waves are unstable [1],
as well as long waves [2], especially when the thinner layer is the more viscous. The mechanism of the instability is based on
small inertia effects which create a small disturbance flow out of phase with the interface disturbance [3,4].

The aim of this paper is twofold. First, we want to discuss how the interfacial inertial instability of the classical two-layer
flow is modified by the thin third layer. Second, we want to show that the stability problem can be solved by an adjoint-based
approach, which may need less calculations than the classical direct method.

The paper is organized as follows. In Section 2, the model is presented and the physical situations to which it may correspond
are discussed. In Section 3, the adjoint-based approach is presented. Sections 4 and 5 are devoted to obtaining the wave velocity
and growth rate of long and short waves, respectively. The results are discussed in the final section.

2. The model

We want to determine the stability of the three-layer flow in the particular case where the in-between layer is thin enough, so
that the three-layer problem can be simplified to an equivalent two-layer problem. Then, differences with the classical two-layer
problem (i.e., without any in-between thin layer) only arise in the boundary conditions at the deformable interface. The precise
conditions for the two-layer simplification are first derived, and then the set of stability equations to be solved is given.
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Fig. 1. Sketch of the thin layer in a shear flow.
Fig. 2. Longitudinal stress balance in the thin layer, withσ = −p0 +
2ikµ0u0 for a viscous layer andσ = −E0u0/c for an elastic sheet.

The lower and upper fluid layers have viscosityµ1 andµ2, and thicknessh1 andh2. In the reference frame moving with
the undisturbed thin layer, the base flow is taken to be given by:

U1 = γ1y, U2 = γ2y, (1)

(Fig. 1) where the shear ratesγ1,2 satisfy shear stress continuity,µ1γ1 = µ2γ2. This base flow is based on the assumption that
the thickness 2h0 of the in-between layer is much smaller thanh1,2, so thaty ± h0 ≈ y, and ignores any motion in the thin
layer. The latter assumption is exact for an elastic sheet, and for a viscous fluid layer with viscosityµ0 it amounts to neglecting
velocities of orderU0 ∼ h0γ1,2µ1,2/µ0.

2.1. Stress balance in the thin layer

For the classical two-layer problem, the conditions at the interface impose continuity of the velocity and of the tangential
and normal stresses (see [2] for example). For an in-between layer with thickness much smaller than any other length, velocity
is still continuous across the layer, as well as normal stresses. In order for a tangential-stress condition to be established, the
longitudinal equilibrium of the thin layer (Fig. 2) must be analysed. Let us consider two-dimensional disturbances of the base
flow (1), proportional to eik(x−ct) wherek is the wavenumber andc the complex wave velocity. Consider first the case of a very
viscous thin layer. Neglecting inertia and integrating the local tangential equilibrium condition over the thickness 2h0 gives for
the complex amplitudes of the disturbances:

ik(−p0 + 2ikµ0u0)= τ2 − τ1

2h0
, (2)

wherep0 andu0 are the pressure and the longitudinal velocity in the thin layer, andτ1,2 are the tangential stresses at the upper
and lower interfaces. The pressure term can be neglected in the above stress balance. Indeed, it will be shown in Section 4.3
that, for long waves, the pressure and shear stress are tied to the interface displacementη as p0 ∼ µ1,2γ1,2η/kh

2
1,2 and

τ1,2 ∼ µ1,2γ1,2η/h1,2, so that the pressure term can be neglected as soon as the thin layer satisfiesh0/h1,2 � kh1,2. For
short waves, it will be shown in Section 5.3 thatp0 ∼ τ1,2 ∼ µ1,2kγ1,2η, so that neglecting the pressure term requireskh0 � 1.

Thus, (2) simplifies to:

µ0h0k
2u0 ∼ τ2 − τ1. (3)

For k = 0 or an interface with zero thickness, the latter equation implies shear stress continuity, i.e., the classical boundary
condition for a clean interface. In the opposite limit, i.e., nonzerokh0 and a very viscous thin layer, since the tangential stress
jump must remain finite, the above condition implies at the dominant order that the velocityu0 is zero, so that the tangential
stress balance reduces to:

u0 =U1(−h0 + η)=U2(h0 + η)= 0. (4)

More precisely, with the above estimates of the shear stress disturbances, the zero velocity condition (4) holds when
u0 � u1,2, i.e., when(kh1,2)(kh0)µ0/µ1,2 	 1 for long waves, and when(kh0)µ0/µ1,2 	 1 for short waves.

Consider now the case of a thin elastic sheet with Young modulusE0. The stress balance now gives:

E0h0k
u0

c
∼ τ2 − τ1, (5)

whereu0/(−ikc) is the displacement and−u0/c is the deformation. As for a viscous thin layer, the two extreme cases are (I)
no thin sheet, which implies shear stress continuity, and (II) a nearly inextensible sheet, which impliesu0 = 0, i.e., the zero
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velocity condition (4). More precisely, this condition holds as long asE0kh0/(µ1,2h1,2c) 	 1, where the wave velocity will
be shown below to bec ∼ γ1,2h1,2 for long waves, andc ∼ ρ1,2γ

2
1,2/(µ1,2k

3) for short waves.
From now on, consistently with the assumption that the thin layer thickness be much smaller than any other length, the

interfacial conditions will be written aty = η rather than aty = ±h0 + η, and linearized abouty = 0.

2.2. Stability equations

On considering two-dimensional disturbances of the base flow (1), the stability equations are obtained by linearising the
disturbance equations around the base flow, and searching for normal modes proportional to eik(x−ct). The streamfunction
being defined byu1,2 =ψ ′

1,2(y) andv1,2 = −ikψ1,2(y), the vorticity equation becomes the Orr–Sommerfeld equation:

µ1,2

(
d2

dy2
− k2

)2
ψ1,2 = ikρ1,2

[
(U1,2 − c)

(
ψ ′′

1,2 − k2ψ1,2
) −U ′′

1,2ψ1,2
]
. (6)

At the upper and lower walls, the no-slip conditions are:

ψ1(−h1)=ψ ′
1(−h1)= 0, (7a)

ψ2(h2)=ψ ′
2(h2)= 0. (7b)

For a thin, nearly inextensible, in-between layer, continuity of the velocity still holds as well as continuity of normal stresses,
and the longitudinal equilibrium of the thin sheet reduces, as discussed above, to the zero-velocity condition (4). All together
the interfacial conditions are:

ψ1(0)=ψ2(0), (8a)

U ′
1η+ψ ′

1(0)=U ′
2η+ψ ′

2(0), (8b)

U ′
1η+ψ ′

1(0)= 0, (8c)

p1(0)+ 2ikµ1ψ
′
1(0)−p2(0)− 2ikµ2ψ

′
2(0)= T k2η, (8d)

together with the kinematic (or no mass transfer) condition:

ψ1(0)= cη. (9)

The pressure disturbancesp1,2 are related to the streamfunctions by the momentum equations:

ikp1,2 = µ1,2
(
ψ ′′′

1,2 − k2ψ ′
1,2

) + ikρ1,2
[
(c−U1,2)ψ

′
1,2 +U ′

1,2ψ1,2
]
, (10)

with U1,2(0) = 0. For a very viscous sheet,T is the sum of the surface tensions at the two interfaces; for an elastic sheet,
T represents the tension of the sheet per unit length. Note that (I) the tangential-stress jump induces small variations of the
tension along the sheet, but the corresponding correction in the normal stress condition is of the second order with respect to
perturbation amplitude, and (II) the increase of the elastic tension due to the increase of the length of the deformed sheet is also
of second order. Finally note that, as a consequence of (8b), (8c) and (9), the inertia terms in (10) on either side exactly cancel
each other at the interface.

3. Adjoint-based perturbation expansion

The adjoint-based approach to finding the eigenvalues of a perturbed operator or matrix is a well-known fundamental tool
of quantum-mechanical perturbation theory (where in addition, all the relevant operators being hermitian and self-adjoint,
left-hand or adjoint eigenfunctions coincide with complex conjugates of the right-hand or direct eigenfunctions). A similar
approach can be advantageously applied to hydrodynamic stability problems (see, e.g., [5, p. 15]). Let us consider a general
(not necessarily self-adjoint) matrixA depending on an eigenvalue parameterλ; this includes as particular cases the standard
eigenvalue problem whereA(λ) = A(0) − λI and the generalized eigenvalue problem whereA(λ) = A(0) − λB, but a more
general nonlinear dependence onλ may also be assumed. Its eigenvaluesλ and eigenvectorsu will be solutions of

A(λ)u = 0.

Let us now add the assumption thatA also depends on a small perturbation parameterε, and let us look for the eigenvalues and
eigenvectors ofA(λ, ε) in the form of a regular perturbation expansion whereu = u(0)+εu(1)+· · · andλ= λ(0)+ελ(1)+· · · .
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Inserting such expansions into the eigenvector equation and collecting equal powers ofε yields the following hierarchy of
equations:

A
(
λ(0),0

)
u(0) = 0, (11a)

A
(
λ(0),0

)
u(1) = −λ(1)

∂A
∂λ

u(0) − ∂A
∂ε

u(0), (11b)

A
(
λ(0),0

)
u(2) = −λ(2)

∂A
∂λ

u(0) + · · · , (11c)

· · ·
A straightforward perturbation approach involves inverting this hierarchy of equations in a sequence, where account must

be taken of the fact that the operator on the l.h.s. (always the same at every order) is singular and a compatibility condition is
involved. However, whereas to do so is relatively easy if the operators involved are matrices, the solution becomes more and
more complicated at every step if differential operators are involved and an analytical solution is sought. On the other hand,
if the eigenvalue perturbation only is the goal, the simpler possibility exists of imposing the compatibility condition alone,
without actually determining the first-order correction to the eigenfunction. If the unperturbed eigenvalue is non-degenerate,
this compatibility condition is simply given by(

v(0)
∂A
∂λ

u(0)
)
λ(1) = −v(0)

∂A
∂ε

u(0), (12)

wherev(0) is the left-hand eigenfunction of the unperturbedA(λ(0),0) operator, i.e., the particular vector or function such that
v(0) A(λ(0),0) = 0. That Eq. (12) is necessary is easily proved by left-multiplying both sides of Eq. (11b) withv(0). When the
eigenvalue is non-degenerate, i.e., the rank of matrixA(λ(0),0) is deficient by exactly 1, this condition is also sufficient.

4. Long-wave instability

4.1. The direct and adjoint problems

The long-wave stability problem corresponds to disturbances with wavelength much longer than each layer’s thickness, i.e.,
α = kh1 � 1, and to small inertia effects, i.e.,αRelw � 1 (we shall assumeRelw ∼ 1), where the Reynolds number is defined
by:

Relw = ρ1γ1h
2
1

µ1
. (13)

Onceγ−1
1 andh1 are chosen as the time and length scales, the problem also depends on the density, viscosity and thickness

ratios and on the Weber number, defined as:

r = ρ2

ρ1
, m= µ2

µ1
, d = h2

h1
, Welw = ρ1γ

2
1 h1

T k2
. (14)

We shall assume thatWelw ∼ 1, so that the stabilising effect of surface tension arises at the same order as inertia. If in Eq. (6) with
boundary conditions (7)–(9) both the unknowns and the eigenvalue are expanded in a series of powers of the small dimensionless
wavenumberα, the following hierarchy is obtained:

Order 0

ψ
(0)
1,2

′′′′ = 0, (15a)

ψ
(0)
1 (−1)=ψ

(0)
1

′
(−1)= 0, (15b)

ψ
(0)
2 (d)=ψ

(0)
2

′
(d)= 0, (15c)

ψ
(0)
1 (0)−ψ

(0)
2 (0)= 0, (15d)

ψ
(0)
1 (0)− c(0)η(0) = 0, (15e)

η(0) +ψ
(0)
1

′
(0)−m−1η(0) −ψ

(0)
2

′
(0)= 0, (15f)

η(0) +ψ
(0)
1

′
(0)= 0, (15g)

ψ
(0)
1

′′′
(0)−mψ

(0)
2

′′′
(0)= 0. (15h)
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Order 1

ψ
(1)
1

′′′′ = iRelw
(
y − c(0)

)
ψ
(0)
1

′′
, (16a)

ψ
(1)
2

′′′′ = irRelw
m

(
y

m
− c(0)

)
ψ
(0)
2

′′
, (16b)

ψ
(1)
1 (−1)=ψ

(1)
1

′
(−1)= 0, (16c)

ψ
(1)
2 (d)=ψ

(1)
2

′
(d)= 0, (16d)

ψ
(1)
1 (0)−ψ

(1)
2 (0)= 0, (16e)

ψ
(1)
1 (0)− c(0)η(1) = c(1)η(0), (16f)

η(1) +ψ
(1)
1

′
(0)−m−1η(1) −ψ

(1)
2

′
(0)= 0, (16g)

η(1) +ψ
(1)
1

′
(0)= 0, (16h)

ψ
(1)
1

′′′
(0)−mψ

(1)
2

′′′
(0)= iη(0)

Relw
Welw

. (16i)

In order to obtain the eigenvalue perturbation without actually solving the order-1 equations, the method of Section 3 can now be
applied. In so doing, care must be taken of the fact that the unknowns of the problem include both the continuous functionψ1,2
and the discrete variableη. The adjoint system of the order-0 equations (15a) can be obtained by constructing a weighted sum of
the equations and boundary conditions. Actually, each boundary condition can either be considered as part of the definition of
the functionsψ1,2, and thus implicitly imposed, or as an explicit equation with an associated adjoint variable. The two choices
are equivalent, and do not in any way alter the result. In practice, it is convenient to impose simple boundary conditions that

remain unchanged at all orders implicitly, by requiring thatψ
(n)
1,2 andη(n) obey them for alln, and to introduce adjoint variables

only for those boundary conditions that exhibit a non-zero r.h.s. in the order-1 equations. Accordingly we construct the weighted
sum

d∫
−1

ϕ1,2(y)ψ
(0)
1,2

′′′′
(y)dy + ζ

(
ψ
(0)
1 (0)− c(0)η(0)

) + ξ
(
ψ
(0)
1

′′′
(0)−mψ

(0)
2

′′′
(0)

) ≡ 0, (17)

and impose that this identity be satisfied for arbitraryη(0) andψ(0)(y) obeying all the other boundary conditions but not (15e)
and (15h) nor the differential equation (15a). An integration by parts then gives

d∫
−1

ϕ1,2(y)
′′′′ψ(0)

1,2(y)dy + ϕ2(d)ψ
(0)
2

′′′
(d)− ϕ′

2(d)ψ
(0)
2

′′
(d)+ ϕ′′

2(d)ψ
(0)
2

′
(d)− ϕ′′′

2 (d)ψ
(0)
2 (d)− ϕ2(0)ψ

(0)
2

′′′
(0)

+ ϕ′
2(0)ψ

(0)
2

′′
(0)− ϕ′′

2(0)ψ
(0)
2

′
(0)+ ϕ′′′

2 (0)ψ(0)
2 (0)+ ϕ1(0)ψ

(0)
1

′′′
(0)− ϕ′

1(0)ψ
(0)
1

′′
(0)+ ϕ′′

1(0)ψ
(0)
1

′
(0)

− ϕ′′′
1 (0)ψ(0)

1 (0)− ϕ1(−1)ψ(0)
1

′′′
(−1)+ ϕ′

1(−1)ψ(0)
1

′′
(−1)− ϕ′′

1(−1)ψ(0)
1

′
(−1)+ ϕ′′′

1 (−1)ψ(0)
1 (−1)

+ ζ
(
ψ
(0)
1 (0)− c(0)η(0)

) + ξ
(
ψ
(0)
1

′′′
(0)−mψ

(0)
2

′′′
(0)

) ≡ 0, (18)

whence, on eliminatingψ(0)
2 (d), ψ

(0)
2

′
(d), ψ

(0)
1 (−1), ψ(0)

1
′
(−1), ψ(0)

2 (0), ψ(0)
1

′
(0), andψ(0)

2
′
(0) through the boundary con-

ditions, and separately equating to zero the coefficients ofψ
(0)
2

′′
(d), ψ

(0)
2

′′′
(d), ψ

(0)
1

′′
(−1), ψ(0)

1
′′′
(−1), ψ(0)

1 (0), ψ(0)
1

′′
(0),

ψ
(0)
2

′′
(0), ψ(0)

1
′′′
(0), ψ(0)

2
′′′
(0) andη(0), the following adjoint system of equations and boundary conditions is obtained:

ϕ′′′′
1,2 = 0, (19a)

ϕ1(−1)= ϕ′
1(−1)= 0, (19b)

ϕ2(d)= ϕ′
2(d)= 0, (19c)

ϕ2(0)+mξ = 0, (19d)

ϕ1(0)+ ξ = 0, (19e)

ϕ′
1(0)= ϕ′

2(0)= 0, (19f)
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m−1ϕ′′
2(0)− ϕ′′

1(0)− c(0)ζ = 0, (19g)

ϕ′′′
2 (0)− ϕ′′′

1 (0)+ ζ = 0. (19h)

4.2. Wave velocity and growth rate

The solution of the direct problem at order zero gives the Stokes flow:

ψ
(0)
1 = −(y + 1)2

((
2c(0) + 1

)
y − c(0)

)
η(0), (20a)

ψ
(0)
2 = −(y − d)2

(
(2c(0) + 1)y

m
− c(0)

d2

)
η(0), (20b)

and the solution of the adjoint problem is:

ϕ1 = −(y + 1)2(1− 2y)ξ, (21a)

ϕ2 = −3m

d2
(y − d)2

(
2y

3d
+ 1

3

)
ξ, (21b)

ζ = 12
m+ d3

d3
ξ. (21c)

Both homogeneous eigenvalue problems, as they should, give the same wave velocityc(0):

c(0) = −1

2

d(d2 − 1)

m+ d3
. (22)

The wave velocity is positive whend < 1 and negative otherwise: the wave propagates with the flow of the thinner layer. This
result is in contrast with the clean interface case, where the wave propagates in the direction of the less viscous flow, no matter
its thickness.

Once the direct and adjoint problems have been solved, use can be made of the properties of (17). The adjoint has been
constructed so that (17) not only applies toψ(0) andη(0), but to any like couple obeying all the other boundary conditions but
not (15e) and (15h) nor the differential equation (15a). One such couple isψ(1), η(1). Eq. (17), when applied to the order-1
equations (16a) and (16b), gives the compatibility condition:

0∫
−1

ϕ1(y)iRelw
(
y − c(0)

)
ψ
(0)
1

′′
dy +

d∫
0

ϕ2(y)
irRelw
m

(
y

m
− c(0)

)
ψ
(0)
2

′′
dy + ζ c(1)η(0) + ξ iα2η(0)

Relw
Welw

= 0.

Thence the order-1 correction of the eigenvalue,c(1), due to both inertial and capillary effects, is obtained as:

c(1) = i

120

Relw d3

m2(m+ d3)3

(
6m3d −m2d6 − 2m3d3 + 3m2d2 + 2m4 + r

(
2d7 + 6d6m− 2d4m+ 3d5m2 − dm2))

− i(kh1)
2d3

4(m+ d3)

Relw
Welw

. (23)

The dimensional growth rate is given byσ = −iγ1(kh1)
2c(1). We have verified that the above expression satisfies the following

symmetry relation, which corresponds to the permutation of the subscripts 1 and 2 defining the lower and upper fluids:

c(1)(m,d, r)= rd4

m3
c(1)

(
1

m
,

1

d
,

1

r

)
. (24)

Fig. 3 displays curves of iso-values ofc(1)/iRelw in the (m,d) plane for equal density (r = 1) and zero surface tension
(Welw = ∞). It appears that the flow is unstable for a wide range of the parameters. In particular,

• when the viscosities are equal, the flow is always unstable, unlike the clean-interface case for which the growth rate is
zero [2];

• when one layer is much thinner and much less viscous than the other, the flow is stable as in the clean interface case.
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Fig. 3. Curves of isovalues ofc(1)/iRelw in the plane(m= µ2/µ1, d = h2/h1), for equal density and zero surface tension (in the upper right
corner, the curvesc(1)/iRelw = 0 and 10−4 are not distinguishable).

Fig. 4. Eigenfunctionsψ ′(y). (a) Dominant Stokes flowψ(0)′(y); (b) Inertial correctionψ(1)′(y). Parameters:m = 0.5, d = 3, r = 1,
Welw = ∞.

4.3. Mechanism of the long-wave instability

The above results show that for a wide range of viscosity ratios, includingm= 1, the flow is unstable whatever the thickness
ratio. This result is in contrast with the case of a clean interface, for which the flow is unstable if and only if the more viscous
layer is thinner than the other. The aim of this section is to understand this difference, by comparing the mechanism of the
instability of a nearly inextensible layer to that of a clean interface, which has been given in [4]. This mechanism can be
described with the help of Fig. 4, which displays typical eigenfunctions for the longitudinal velocitiesψ ′

1,2(y). (The inertial
corrections of the eigenfunctions require the complete solution of the order-1 equations (16a)–(16i) of the direct problem, and
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are given in Appendix A. This calculation gives of course the same eigenvalue correction as the calculation using the adjoint
problem, but at a greater expense of time!)

Consider the case when the thickness of one layer is much smaller than the other, sayh1 � h2. The deformation of the

interface creates in each fluid a velocity disturbanceu
(0)
1,2 ∼ γ1,2η

(0) as shown in Fig. 4(a), to which there corresponds vorticity

disturbancesω(0)1,2 ∼ −u
(0)
1,2/h1,2. This dominant Stokes flow is in phase with the deformation of the interface.

In the thick upper layer, advection by the base flow of the vorticity disturbance creates a small out-of-phase vorticity

componentω(1)2 ∼ Re2effω
(0)
2 , whereRe2eff = kh2ργ2h

2
2/µ2 is the effective Reynolds number. The velocity fieldu(1)2 ∼

ω
(1)
2 h2 associated with this out-of-phase vorticity must satisfy the no-slip condition at the interface, and therefore is as shown

in Fig. 4(b). The out-of-phase velocityu(1)2 creates an interfacial shear stressτ
(1)
2 ∼ µ2u

(1)
2 /h2 and a pressure disturbance

p
(1)
1,2 ∼ µ2u

(1)
2 /kh2

2. In the lower thin layer, the inertial flow is smaller by a factor(h1/h2)
3 and is negligible. In this layer, the

out-of-phase flowu(1)1 is driven by the pressure disturbancep(1)1,2, so thatu(1)1 ∼ kp
(1)
1,2h

2
1/µ1. The divergence of this flow leads

to the growth rate:

σ = v
(1)
1

η(0)
∼ kh1

u
(1)
1

η(0)
∼ γ1

kh1Re2eff

d
. (25)

The above estimate for the growth rate agrees with (23) for highd. Thus, it appears that the mechanism given above differs
from that of a clean interface in two ways:

• The inertial flow in the thin layer is created by the pressure disturbancep
(1)
1,2, whereas it is created by the shear stress

disturbanceτ (1)1,2 for the clean-interface case [4].
• The direction of the disturbance flow in either fluid does not change when the viscosity ratio crosses unity, whereas it

reverses for the clean-interface problem.

5. Short-wave instability

5.1. The direct and adjoint problems

The short-wave stability problem corresponds to disturbances with wavelength much shorter than the layer thickness, and to
small inertia effects. The latter condition implies wavelengths much shorter than the viscous lengthlv1,2 = (µ1,2/ργ1,2k)

1/3,
which represents the penetration length of vorticity disturbances created at the deformed interface [4]. These two conditions
can be written as:

kh1,2 	 1, Resw = ργ1

µ1k
2

� 1, (26)

whereResw = Relw/α
2 is the appropriate Reynolds number for short waves. Onceγ−1

1 andk−1 are chosen as the time and
length scales, the problem also depends on the density and viscosity ratios and on the Weber number, defined as:

r = ρ2

ρ1
, m= µ2

µ1
, Wesw = ρ1γ

2
1

T k3
= Welw

α
. (27)

Expanding the streamfunctions, the interface position and the eigenvalue in a series of powers of the small Reynolds number
Resw, the following hierarchy is obtained for the Orr–Sommerfeld equation (6) and boundary conditions (7)–(9):

Order 0(
d2

dy2
− 1

)2
ψ
(0)
1,2 = 0, (28a)

ψ
(0)
1 (−∞)=ψ

(0)
1

′
(−∞)= 0, (28b)

ψ
(0)
2 (∞)=ψ

(0)
2

′
(∞)= 0, (28c)

ψ
(0)
1 (0)−ψ

(0)
2 (0)= 0, (28d)

ψ
(0)
1 (0)− c(0)η(0) = 0, (28e)

η(0) +ψ
(0)
1

′
(0)− η(0)

m
−ψ

(0)
2

′
(0)= 0, (28f)
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η(0) +ψ
(0)
1

′
(0)= 0, (28g)

ψ
(0)
1

′′′
(0)−mψ

(0)
2

′′′
(0)= 0. (28h)

Order 1
(

d2

dy2
− 1

)2
ψ
(1)
1 = i

(
y − c(0)

)(
ψ
(0)
1

′′ −ψ
(0)
1

)
, (29a)

(
d2

dy2
− 1

)2
ψ
(1)
2 = ir

m

(
y

m
− c(0)

)(
ψ
(0)
2

′′ −ψ
(0)
2

)
, (29b)

ψ
(1)
1 (−∞)=ψ

(1)
1

′
(−∞)= 0, (29c)

ψ
(1)
2 (∞)=ψ

(1)
2

′
(∞)= 0, (29d)

ψ
(1)
1 (0)−ψ

(1)
2 (0)= 0, (29e)

ψ
(1)
1 (0)− c(0)η(1) = c(1)η(0), (29f)

η(1) +ψ
(1)
1

′
(0)− η(1)

m
−ψ

(1)
2

′
(0)= 0, (29g)

η(1) +ψ
(1)
1

′
(0)= 0, (29h)

ψ
(1)
1

′′′
(0)−mψ

(1)
2

′′′
(0)= iη(0)

Wesw
. (29i)

As for long waves, it was assumed that the stabilising effect of surface tension arises at the same order as inertia, i.e., that
the effective Weber numberWesw is of order one.

The adjoint system of the order-0 equations (28a)–(28h) is obtained as for long waves by constructing the weighted sum

∞∫
−∞

ϕ1,2(y)

(
d2

dy2
− 1

)2
ψ
(0)
1,2(y)dy + ζ

(
ψ
(0)
1 (0)− c(0)η(0)

) + ξ
(
ψ
(0)
1

′′′
(0)−mψ

(0)
2

′′′
(0)

) ≡ 0, (30)

integrating by parts, and imposing that this identity be satisfied for an arbitraryη(0) and ψ(0)(y) obeying the remaining
boundary conditions only. The following adjoint system of equations and boundary conditions is obtained:

(
d2

dy2
− 1

)2
ϕ1,2 = 0, (31a)

ϕ1(−∞)= ϕ1
′(−∞)= 0, (31b)

ϕ2(∞)= ϕ2
′(∞)= 0, (31c)

ϕ2(0)=mϕ1(0)= −mξ, (31d)

ϕ2
′(0)= ϕ1

′(0)= 0, (31e)

ϕ2
′′(0)−mϕ1

′′(0)=mc(0)ζ, (31f)

ϕ2
′′′(0)− ϕ1

′′′(0)= −ζ. (31g)

Note that the interfacial boundary conditions are identical to those of the long wave problem.

5.2. Wave velocity and growth rate

The solution for the direct problem at order zero is found to be:

ψ
(0)
1 (y)= −y eyη(0), (32a)

ψ
(0)
2 (y)= − 1

m
y e−yη(0), (32b)

and for the adjoint problem:



48 F. Charru et al. / European Journal of Mechanics B/Fluids 22 (2003) 39–50

ϕ1(y) = (1− y)eyξ, (33a)

ϕ2(y) =m(1+ y)e−yξ, (33b)

ζ = −2(1+m)ξ. (33c)

Note that both the direct and adjoint eigenfunctions involve a remaining free integration constant due to the homogeneous
character of the problem. Both problems give the same eigenvalue:

c(0) = 0. (34)

Thus at dominant order the wave velocity(γ1/k)c
(0) is zero, just as for the clean-interface problem dealt with in [1].

The next step consists in imposing the order-1 compatibility condition:

0∫
−∞

iϕ1
(
y − c(0)

)
(ψ ′′

1 −ψ1)dy +
∞∫

0

ir

m
ϕ2

(
y

m
− c(0)

)
(ψ ′′

2 −ψ2)dy + ζ c(1)η(0) + ξ
iη(0)

Wesw
= 0, (35)

which immediately gives the order-1 correction of the eigenvalue:

c(1) = i

2(m+ 1)

(
1+ r

m2
− 1

Wesw

)
. (36)

Thus, for zero surface tension, the dimensional growth rateγ1Reswc
(1)
i is positive for any density and viscosity ratios, and

decreases as 1/k2, which means that inertia is destabilizing. In particular, instability persists even for equal viscosities,m= 1.
Surface tension is stabilising as expected, and its contribution to the growth rate scales asResw/Wesw ∼ k. These results are
similar to the clean-interface case [1,3], except that for the latter case, the growth rate vanishes when viscosities are equal.

5.3. Mechanism of the short-wave instability

As for long waves, we now explore the mechanism of the short-wave instability, and compare this mechanism to that of the
clean-interface flow given in [3]. This mechanism can be described with the help of Fig. 5, which displays typical eigenfunctions
for the longitudinal velocitiesψ ′

1,2(y). (The inertial corrections of the eigenfunctions are given in Appendix A.)

The deformation of the interface creates in each fluid a velocity disturbanceu
(0)
1,2 ∼ γ1,2η

(0) as shown in Fig. 5(a), to which

there correspond vorticity disturbancesω(0)1,2 ∼ −ku
(0)
1,2. This dominant Stokes flow is in phase with the deformation of the

interface.

Fig. 5. Eigenfunctionsψ ′
1,2(y). (a) Dominant Stokes flowψ(0)

1,2
′
(y); (b) Inertial correctionψ(1)

1,2
′
(y). Parameters:m= 0.5, r = 1, Wesw = ∞.
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In each layer, advection of the vorticity disturbance by the base flow creates a small out-of-phase vorticity componentω
(1)
1,2 ∼

Re1,2ω
(1)
1,2, whereRe1,2 = ρ1,2γ1,2/µ1,2k

2. For nearly equal viscosities, this vorticity creates a velocity fieldu
(1)
1,2 ∼ ω

(1)
1,2/k as

shown in Fig. 5(b), and transverse velocitiesv
(1)
1,2 ∼ ω

(1)
1,2/k, leading to the growth rate:

σ = v
(1)
1

η(0)
∼ γ1

ρ1γ1

µ1k
2
. (37)

When viscosities are quite different, sayµ1 	 µ2, the more viscous fluid slows down the growth of the disturbance. In this

more viscous fluid, the pressure gradientkp
(1)
1 = kp

(1)
2 ∼ µ2k

2u
(1)
2 induces velocity componentsu(1)1 ∼ v

(1)
1 ∼ p

(1)
1,2/kµ1. This

leads to the growth rate:

σ = v
(1)
1

η(0)
∼ γ1

ρ1γ1

µ1k
2

r

m2
. (38)

Both estimates (37) and (38) agree with (36). Thus, the short-wave instability mechanism of a nearly inextensible thin layer
is similar to that of a clean interface. However, the zero-longitudinal-velocity condition at the interface induces vorticity
disturbances of opposite sign on either side of the interface. Thus, the inertial corrections of vorticity have the same sign
on either side of the interface (because advection acts in opposite directions), and the induced transverse velocities are both
destabilizing. This explains why instability persists for equal viscosity. For the clean-interface flow, instead, continuity of the
longitudinal velocity induces vorticity disturbances with the same sign on either side of the interface, but advection induces
vorticities of opposite sign, so that the growth rate vanishes for equal viscosity.

6. Summary

The aim of this paper has been twofold: (I) to investigate the stability of a nearly inextensible thin layer in a shear flow,
and (II) to illustrate how an adjoint-based approach can be used in order to find the analytical correction of an eigenvalue in a
hydrodynamic stability problem.

From the methodological viewpoint, an adjoint-based approach to eigenvalue perturbation expansion allows the eigenvalue
perturbation to be obtained at the expense of solving a homogeneous linear system (the adjoint problem) rather than an
inhomogeneous one (the first-order direct problem). In addition, different perturbations (inertia and surface tension in this
paper, but also others that may become of interest in the future) are easily accounted for by one and the same adjoint solution,
without the need of calculating a new particular solution for each case. Thus adjoints, already put to good use in past numerical
stability computations [6], can also give a substantial advantage when an analytical solution is sought.

From the physical viewpoint, the conditions under which a three-layer problem can be reduced to a two-layer problem
have been preliminarily identified. For a fluid thin layer, these conditions imply small thicknessh0 (such thatkh0 � (kh1,2)

2

for long waves andkh0 � 1 for short waves), and high viscosity (such that(kh1,2)(kh0)µ0/µ1,2 	 1 for long waves and
(kh0)µ0/µ1,2 	 1 for short waves). For an elastic sheet, equivalent conditions involve the Young modulus.

After reducing the three-layer problem to an equivalent two-layer problem with suitable interface conditions, we have shown
that an inextensible thin layer in a shear flow is generally unstable, to both long and short waves. For long waves, the zero-
velocity condition at the deformed interface implies that the growth rate is controlled by a pressure-driven flow and not by
a shear flow as for a clean interface. For short waves, the zero-velocity condition induces a vorticity disturbance of opposite
sign in either fluid. Then, the inertially induced vorticity components are both destabilizing. For both long and short waves,
instability persists even for equal viscosity, in contrast with the clean-interface two-layer flow.

Appendix A. Inertial corrections of the eigenfunctions

For long waves, where the expansion parameter isα, the inertial corrections of the eigenfunctions (normalized so that
η(0) = 1 andη(1) = 0) are given by:

ψ
(1)
1 = iRelw(y + 1)2

(
A11y

4 +B11y
3 +C11y

2 +D11y +E11
)
, (A.1a)

ψ
(1)
2 = iRelw(y − d)2

(
A21y

4 +B21y
3 +C21y

2 +D21y +E21
)
, (A.1b)

p
(1)
1 = p

(1)
2 = − 1

10m2(d3 +m)

(−12c(0)
2
m3 − 12c(0)m3 − 2m3

+ r
(−7d3c(0)m+ 10d2c(0)

2
m2 − d5c(0)m− 2d5c(0)

2
m+ 2d6 + 4d6c(0)

))
, (A.1c)
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with

A11 = − 1

60

(
2c(0) + 1

)
, (A.2a)

B11 = 1

30
c(0)

(
3c(0) + 2

)
, (A.2b)

C11 = 1

60

(
c(0) + 1

)(
3c(0) + 1

)
, (A.2c)

D11 = − 1

30

(−5p(1)1 + 6c(0)
2 + 6c(0) + 1

)
, (A.2d)

E11 = −D11

2
; (A.2e)

A21 = − r

60m3

(
1+ 2c(0)

)
, (A.3a)

B21 = rc(0)

60d2m2

(
3d2 + 1+ 6c(0)d2)

, (A.3b)

C21 = − r

60m3d2

(
4d3c(0)m+ 5c(0)

2
m2 + 8d3c(0)

2
m− 2dmc(0) − d4 − 2d4c(0)

)
, (A.3c)

D21 = −D11

d3
, (A.3d)

E21 = E11

d2
. (A.3e)

For short waves, where the expansion parameter isResw, the inertial corrections of the eigenfunctions (normalized so that
η(0) = 1 andη(1) = 0) are given by:

ψ
(1)
1 (y)=

(
c(1)(1− y)+ i

4
y2 − i

12
y3

)
, (A.4a)

ψ
(1)
2 (y)=

(
c(1)(1+ y)+ iry2

4m3
+ iry3

12m3

)
, (A.4b)

wherec(1) is given by (36).
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